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✷✳✶ ◗✉❡❧q✉❡s ♦✉t✐❧s ❞❡ ❜❛s❡

❆✈❛♥t ❞✬❛❜♦r❞❡r ❧❡ s✉❥❡t ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ r❛♣♣❡❧♦♥s ♦✉ ❞♦♥♥♦♥s q✉❡❧q✉❡s ♦✉t✐❧s ♠❛t❤é♠❛t✐q✉❡s

❞❡ ❜❛s❡ q✉✐ s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r ❛❜♦r❞❡r ❝❡ ❝❤❛♣✐tr❡✳

❚❤é♦rè♠❡ ✷✳✶✳ ✭1èr❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ✲❝❛s ❝♦♥t✐♥✉✲✮

❙♦✐❡♥t u ❡t v ❞❡✉① ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s s✉r [a, b] t❡❧❧❡s q✉❡ u ❡st ❞❡ s✐❣♥❡ ❝♦♥st❛♥t ❞❛♥s [a, b]✳
❆❧♦rs

∃η ∈]a, b[ t❡❧ q✉❡

∫ b

a

u(t)v(t)dt = v(η)

∫ b

a

u(t)dt.

❚❤é♦rè♠❡ ✷✳✷✳ ✭2è♠❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ✲❝❛s ❞✐s❝r❡t✲✮

❙♦✐❡♥t v ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r [a, b]✱ t1, t2, . . . , ts✱ (s + 1) ♣♦✐♥ts ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ [a, b] ❡t

u1, u2, . . . , us✱ (s+ 1) ❝♦♥st❛♥t❡s✱ t♦✉t❡s ❞❡ ♠ê♠❡ s✐❣♥❡✳ ❆❧♦rs

∃η ∈ [a, b] t❡❧ q✉❡

s∑

k=0

ukv(tk) = v(η)

s∑

k=0

uk.

❚❤é♦rè♠❡ ✷✳✸✳ ✭1èr❡ ❢♦r♠✉❧❡ ❞❡ ❧✬❡rr❡✉r ❞✬✐♥t❡r♣♦❧❛t✐♦♥✮

❙♦✐❡♥t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ Cn+1 s✉r [a, b] ❡t pn ❧❡ ♣♦❧②♥ô♠❡ ❞✬✐♥t❡r♣♦❧❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥

f ❛✉① ❛❜s❝✐ss❡s x0, x1, . . . , xn (xi ∈ [a, b] ♣♦✉r i = 0, 1, . . . , n)✳ ❆❧♦rs✱ ♣♦✉r t♦✉t x ∈ R✱ ♦♥ ❛

∃ξx ∈]a, b[ t❡❧ q✉❡ e(x) := f(x)− pn(x) =
f (n+1)(ξx)

(n+ 1)!

n∏

i=0

(x− xi).

❚❤é♦rè♠❡ ✷✳✹✳ ✭2è♠❡ ❢♦r♠✉❧❡ ❞❡ ❧✬❡rr❡✉r ❞✬✐♥t❡r♣♦❧❛t✐♦♥✮

❙♦✐❡♥t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ Cn+1 s✉r [a, b] ❡t pn ❧❡ ♣♦❧②♥ô♠❡ ❞✬✐♥t❡r♣♦❧❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥

f ❛✉① ❛❜s❝✐ss❡s x0, x1, . . . , xn (xi ∈ [a, b] ♣♦✉r i = 0, 1, . . . , n)✳ ❆❧♦rs✱ ♣♦✉r t♦✉t x ∈ R✱ ♦♥ ❛

e(x) := f(x)− pn(x) = [f(x0), . . . , f(xn), f(x)]
n∏

i=0

(x− xi).

✷



❈❍❆P■❚❘❊ ✷✳ ■◆❚➱●❘❆❚■❖◆ ◆❯▼➱❘■◗❯❊

❚❤é♦rè♠❡ ✷✳✺✳ ✭❚❤é♦rè♠❡ ❞❡ ❈❛✉❝❤②✮

❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ Cn+1 s✉r ❧✬✐♥t❡r✈❛❧❧❡ [a, b] ❝♦♥t❡♥❛♥t ❧❡s ♣♦✐♥ts ❞❡✉① à ❞❡✉①

❞✐st✐♥❝ts xi, i = 0, 1, . . . , n✳ ❆❧♦rs ♣♦✉r t♦✉t x ∈ [mini(xi),maxi(xi)]

∃ξx ∈ [min
i
(xi),max

i
(xi)] t❡❧ q✉❡ [f(x0), . . . , f(xn), f(x)] =

f (n+1)(ξx)

(n+ 1)!
.

✷✳✷ ■♥tr♦❞✉❝t✐♦♥

❖♥ ❞és✐r❡ ❝❛❧❝✉❧❡r ❧❡s ✐♥té❣r❛❧❡s s✉✐✈❛♥t❡s ✿

∫ 1

0
e−x2

dx,

∫ π
2

0

√

1 + cos2(x)dx,

∫ 1

−1
esin(x)dx, . . .

✲ Pr♦❜❧è♠❡ ✿ ♦♥ ♥✬❛ ♣❛s ❞✬❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ♣r✐♠✐t✐✈❡ ❞❡s ❢♦♥❝t✐♦♥s ✿

x 7−→ e−x2

, x 7−→
√

1 + cos2(x), x 7−→ esin(x), . . .

✲ ❙♦❧✉t✐♦♥ ✿ ♦♥ ✈❛ ❛♣♣❧✐q✉❡r ❞❡s ♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s ♣♦✉r é✈❛❧✉❡r ✭❛♣♣r♦❝❤❡r✱ ❛♣♣r♦①✐♠❡r✮

❧❛ ✈❛❧❡✉r ❞❡ ❧✬✐♥té❣r❛❧❡ ❞♦♥♥é❡✳

❆✐♥s✐✱ ❧❡ ♣r♦❜❧è♠❡ ♣♦sé ♣❡✉t êtr❡ ❢♦r♠✉❧é ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿ ét❛♥t ❞♦♥♥é❡ ✉♥❡ ❢♦♥❝t✐♦♥ f :
[a, b] −→ R ❝♦♥t✐♥✉❡ ✭♦✉ ❞ér✐✈❛❜❧❡✱ ❞❡ ❝❧❛ss❡ C∞✱ . . .✮✱ ♦♥ s❡ ♣r♦♣♦s❡ ❞❡ ❝❛❧❝✉❧❡r ♥✉♠ér✐q✉❡♠❡♥t

❧❛ q✉❛♥t✐té

I(f) =

∫ b

a

f(x)dx.

✷✳✸ ◗✉❡❧q✉❡s ❢♦r♠✉❧❡s ❞✬✐♥té❣r❛t✐♦♥ ✧s✐♠♣❧❡s✧

✷✳✸✳✶ ❋♦r♠✉❧❡ ❞✉ r❡❝t❛♥❣❧❡

✲ ❘❡❝t❛♥❣❧❡ à ❣❛✉❝❤❡ ✿ ▲❛ ✈❛❧❡✉r

❞❡ I(f) ❡st ❛♣♣r♦❝❤é❡ ♣❛r ❧✬❛✐r❡

❞✉ r❡❝t❛♥❣❧❡ R ❞❡ s♦♠♠❡ts

(a, 0), (a, f(a)), (b, f(a)), (b, 0) ❝♦♠♠❡

✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ❝✐✲❝♦♥tr❡ ✿

❆✐♥s✐ ♦♥ ❛

I(f) ≃ (b− a)f(a).

✸
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✲ ❘❡❝t❛♥❣❧❡ à ❞r♦✐t❡ ✿ ▲❛ ✈❛❧❡✉r

❞❡ I(f) ❡st ❛♣♣r♦❝❤é❡ ♣❛r ❧✬❛✐r❡

❞✉ r❡❝t❛♥❣❧❡ R ❞❡ s♦♠♠❡ts

(a, 0), (a, f(b)), (b, f(b)), (b, 0) ❝♦♠♠❡

✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ❝✐✲❝♦♥tr❡ ✿

❆✐♥s✐ ♦♥ ❛

I(f) ≃ (b− a)f(b).

✲ ❘❡❝t❛♥❣❧❡ ✭♦✉ ♣♦✐♥t ♠✐❧✐❡✉✮ ✿

▲❛ ✈❛❧❡✉r ❞❡ I(f) ❡st ❛♣♣r♦❝❤é❡ ♣❛r

❧✬❛✐r❡ ❞✉ r❡❝t❛♥❣❧❡ R ❞❡ s♦♠♠❡ts

(a, 0), (a, f(a+b
2 )), (b, f(a+b

2 )), (b, 0)
❝♦♠♠❡ ✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ❝✐✲❝♦♥tr❡ ✿

❆✐♥s✐ ♦♥ ❛

I(f) ≃ (b− a)f(
a+ b

2
).

✷✳✸✳✷ ❋♦r♠✉❧❡ ❞❡s tr❛♣è③❡s

▲❛ ✈❛❧❡✉r ❞❡ I(f) ❡st ❛♣♣r♦❝❤é❡ ♣❛r

❧✬❛✐r❡ ❞✉ tr❛♣è③❡ T ❞❡ s♦♠♠❡ts

(a, 0), (a, f(a)), (b, f(b)), (b, 0) ❝♦♠♠❡

✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ❝✐✲❝♦♥tr❡ ✿

❆✐♥s✐ ♦♥ ❛

I(f) ≃ 1

2
(b− a)

(
f(a) + f(b)

)
.

✹
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✷✳✸✳✸ ❋♦r♠✉❧❡ ❞❡ ❙✐♠♣s♦♥

▲❛ ✈❛❧❡✉r ❞❡ I(f) ❡st ❛♣♣r♦❝❤é❡ ♣❛r ❧✬❛✐r❡

❞❡ ❧❛ ♣❛r❛❜♦❧❡ P ♣❛ss❛♥t ♣❛r ❧❡s ♣♦✐♥ts

(a, f(a))✱ (a+b
2 , f(a+b

2 )) ❡t (b, f(b)) ❝♦♠♠❡

✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ❝✐✲❝♦♥tr❡ ✿

❆✐♥s✐ ♦♥ ❛

I(f) ≃ 1

6
(b− a)

(
f(a)+ 4f(

a+ b

2
)+ f(b)

)
.

✷✳✹ ❖❜t❡♥t✐♦♥ ❞❡s ❢♦r♠✉❧❡s ❞❡ q✉❛❞r❛t✉r❡

❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ré❡❧❧❡ ❞é✜♥✐❡ s✉r [a, b]✱ ♦♥ ❞és✐r❡ ❝❛❧❝✉❧❡r ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ ❧✬✐♥té❣r❛❧❡

I(f) =

∫ b

a

f(x)dx.

✷✳✹✳✶ ▲✬✐❞é❡

▲✬✐❞é❡ ❞❡ ❜❛s❡ ❡st ❞✬é❝r✐r❡

f(x) = p(x) + e(x), ♣♦✉r t♦✉t x ∈ [a, b].

❖ù p ❡st ❧❡ ♣♦❧②♥ô♠❡ ✐♥t❡r♣♦❧❛♥t f ❡♥ ❞❡s ❛❜s❝✐ss❡s x0, x1, . . . , xn (xi ∈ [a, b]) ❡t e(x) ét❛♥t

❧✬❡rr❡✉r ❞✬✐♥t❡r♣♦❧❛t✐♦♥✳ ❆✐♥s✐✱ ❡♥ ✐♥té❣r❛♥t ♦♥ ♦❜t✐❡♥t ✿

I(f) =

∫ b

a

f(x)dx =

∫ b

a

p(x)dx

︸ ︷︷ ︸

:=IQ(f)

+

∫ b

a

e(x)dx

︸ ︷︷ ︸

:=EQ(f)

.

❊♥ ✉t✐❧✐s❛♥t ❧❛ ❜❛s❡ ❞❡ ▲❛❣r❛♥❣❡✱ ❧❡ ♣♦❧②♥ô♠❡ ❞✬✐♥t❡r♣♦❧❛t✐♦♥ p := pn s✬é❝r✐t ✿

p(x) = pn(x) =
n∑

i=0

f(xi)Li(x),

❡t ❧✬❡rr❡✉r ❞✬✐♥t❡r♣♦❧❛t✐♦♥ e s✬é❝r✐t

e(x) =
f (n+1)(ξx)

(n+ 1)!

n∏

i=0

(x− xi).

✺
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❆✐♥s✐

IQ(f) =

∫ b

a

pn(x)dx =
n∑

i=0

f(xi)

∫ b

a

Li(x)dx,

❝✬❡st à ❞✐r❡

IQ(f) =

n∑

i=0

wif(xi), ♦ù wi =

∫ b

a

Li(x)dx.

❘❡♠❛rq✉❡ ✷✳✶✳ ✶✳ ▲❡s ❛❜s❝✐ss❡s xi (i = 0, 1, . . . , n) s♦♥t ❛♣♣❡❧és ❧❡s ♥♦❡✉❞s✳

✷✳ ▲❡s ❝♦❡✣❝✐❡♥ts wi ✭❛♣♣❡❧és ♣♦✐❞s✮ ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f ✳

✸✳ ▲❛ q✉❛♥t✐té IQ(f) =
∑n

i=0wif(xi) r❡♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ I(f)✱ ♦♥ é❝r✐t ❛❧♦rs ✿

I(f) ≃ IQ(f)✳

✹✳ ▲❡s ❝♦❡✣❝✐❡♥ts wi s♦♥t ❞ét❡r♠✐♥és ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧✬❡rr❡✉r ❞❡ q✉❛❞r❛t✉r❡ EQ(f) s♦✐t

♥✉❧❧❡ ❧♦rsq✉❡ f ∈ E ♦ù E ❡st ✉♥ ❡♥s❡♠❜❧❡ à ♣ré❝✐s❡r✳ ❊♥ ❣é♥ér❛❧ E ❡st ❧✬❡s♣❛❝❡ ❞❡s

♣♦❧②♥ô♠❡s ❞❡ ❞❡❣ré ✐♥❢ér✐❡✉r ♦✉ é❣❛❧ à n✱ ✐✳❡✳✱ E = Pn = Rn[X]✳

❉é✜♥✐t✐♦♥ ✷✳✶✳ ❖♥ ❞✐t q✉❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡
∫ b

a

f(x)dx =

n∑

i=0

wif(xi) + EQ(f),

❡st ❡①❛❝t❡ s✉r ❧✬❡♥s❡♠❜❧❡ E s✐ ❡t s❡✉❧❡♠❡♥t s✐ EQ(g) = 0 ♣♦✉r t♦✉t g ∈ E✳

✷✳✹✳✷ ❊t✉❞❡ ❞❡ q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❝❧❛ss✐q✉❡s

• ❈❛s n = 0 ❡t x0 = a✳ ▲❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ s✬é❝r✐t ✿
∫ b

a

f(x)dx = w0f(a) + EQ(f) ✭◗✮

♦ù EQ(g) = 0 ♣♦✉r t♦✉t g ∈ R0[X]✳

❆✐♥s✐✱ ❡♥ ♣r❡♥❛♥t g ≡ 1 ✭✐✳❡✳ g(x) = 1 ♣♦✉r t♦✉t x ∈ [a, b]✮✱ ❛❧♦rs ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡

(Q) ❞♦♥♥❡ q✉❡ b− a = w0 ❡t ♣♦✉r ❞ét❡r♠✐♥❡r ❧✬❡rr❡✉r EQ(f)✱ ♦♥ s❛✐t q✉❡

EQ(f) =

∫ b

a

(x− a)
︸ ︷︷ ︸

:=u(x)≥0

f ′(ξx)
︸ ︷︷ ︸

:=v(x)

dx, ♦ù ξx ∈]a, b[.

❆✐♥s✐✱ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❛ ♣r❡♠✐èr❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡✱ ♦♥ ❛ ∃α ∈]a, b[ t❡❧ q✉❡

EQ(f) = f ′(α)
[1

2
(x− a)2

]b

a
=

(b− a)2

2
f ′(α).

❋✐♥❛❧❡♠❡♥t✱ ♦♥ ❛

I(f) = (b− a)f(a) +
(b− a)2

2
f ′(α), ♦ù α ∈]a, b[

❡t I(f) ❡st ❛♣♣r♦❝❤é❡ ♣❛r (b− a)f(a)✱ ✐✳❡✳✱ I(f) ≃ (b− a)f(a)✳ ❖♥ r❡♠❛rq✉❡ ❛❧♦rs q✉❡ ❧✬♦♥

r❡tr♦✉✈❡ ❧❛ ❢♦r♠✉❧❡ ❞✉ r❡❝t❛♥❣❧❡ à ❣❛✉❝❤❡ q✉✐ ❡st ❡①❛❝t❡ s✉r P0✳

✻
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• ❈❛s n = 0 ❡t x0 = b✳ ❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ♣ré❝é❞❡♠♠❡♥t✱ ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ s✬é❝r✐t ✿
∫ b

a

f(x)dx = w0f(b) + EQ(f) ✭◗✮

♦ù EQ(g) = 0 ♣♦✉r t♦✉t g ∈ R0[X]✳ ❊t ♦♥ ✈ér✐✜❡ q✉❡ ❧✬♦♥ r❡tr♦✉✈❡ ❧❛ ❢♦r♠✉❧❡ ❞✉ r❡❝t❛♥❣❧❡

à ❞r♦✐t❡ q✉✐ ❡st ❡①❛❝t❡ é❣❛❧❡♠❡♥t s✉r P0 ❡t q✉✐ ❡st ❞♦♥♥é❡ ♣❛r

I(f) = (b− a)f(b) +
(b− a)2

2
f ′(β), ♦ù β ∈]a, b[.

• ❈❛s n = 0 ❡t x0 =
a+b
2 ✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ s✬é❝r✐t ✿

∫ b

a

f(x)dx = w0f(
a+ b

2
) + EQ(f) ✭◗✮

❊♥ é❝r✐✈❛♥t q✉❡ IQ(g) ❡st ❡①❛❝t❡ s✉r P0✱ ✐✳❡✳✱ EQ(g) = 0 ♣♦✉r g ≡ 1✱ ♦♥ ✈ér✐✜❡ q✉❡ w0 = b−a✳

❆✐♥s✐✱ I(f) = (b− a)f(a+b
2 ) + EQ(f)✱ ❛✈❡❝

EQ(f) =

∫ b

a

(x− a+ b

2
)f ′(ξx)dx, (ξx ∈]a, b[).

◆♦t♦♥s q✉❡ ❧❛ ❢♦♥❝t✐♦♥ x 7−→ x − a+b
2 ❝❤❛♥❣❡ ❞❡ s✐❣♥❡ ❞❛♥s [a, b] ❡t ❞♦♥❝ ♦♥ ♥❡ ♣❡✉t ♣❛s

❛♣♣❧✐q✉❡r ❧❛ ♣r❡♠✐èr❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡✳ P♦✉r ❞ét❡r♠✐♥❡r ❧✬❡rr❡✉r ❞❡ q✉❛❞r❛t✉r❡✱ ♦♥ ✈❛

✉t✐❧✐s❡r ❧❛ ❞❡✉①✐è♠❡ ❡①♣r❡ss✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞✬✐♥t❡r♣♦❧❛t✐♦♥ à s❛✈♦✐r q✉❡ ✿

EQ(f) =

∫ b

a

(x− x0)[f(x0), f(x)]dx, ❛✈❡❝ x0 =
a+ b

2
.

❊♥ ✉t✐❧✐s❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ✿

(x− x0)[f(x0), f(x0), f(x)] = [f(x0), f(x)]− [f(x0), f(x0)],

♦♥ ❛

EQ(f) =

∫ b

a

(
[f(x0), f(x0)] + (x− x0)[f(x0), f(x0), f(x)]

)
(x− x0)dx

=

∫ b

a

[f(x0), f(x0)](x− x0)dx+

∫ b

a

[f(x0), f(x0), f(x)](x− x0)
2dx

= [f(x0), f(x0)]

∫ b

a

(x− x0)dx

︸ ︷︷ ︸

=0

+

∫ b

a

[f(x0), f(x0), f(x)]
︸ ︷︷ ︸

:=v(x)

(x− x0)
2

︸ ︷︷ ︸

:=u(x)≥0

dx

= [f(x0), f(x0), f(γ)]

∫ b

a

(x− x0)
2dx ♦ù γ ∈]a, b[

♦ù ♦♥ ❛ ❛♣♣❧✐q✉é ❧❛ ♣r❡♠✐èr❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡✳ ❋✐♥❛❧❡♠❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡

❞❡ ❈❛✉❝❤②✱ ♦♥ ♦❜t✐❡♥t ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ ❞✉ ♣♦✐♥t ♠✐❧✐❡✉ q✉✐ s✬é❝r✐t ✿
∫ b

a

f(x)dx = (b− a)f(
a+ b

2
) +

(b− a)3

24
f ′′(λ) ♦ù λ ∈]a, b[.

✼
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❘❡♠❛rq✉❡ ✷✳✷✳ ❖♥ ♥♦t❡ q✉❡ ❧❛ ❢♦r♠✉❧❡ ❞✉ r❡❝t❛♥❣❧❡ ❡st ❡♥❝♦r❡ ❡①❛❝t❡ s✉r P1 ❡t ♣❛s

s✐♠♣❧❡♠❡♥t s✉r P0 ❛❧♦rs q✉❡ ❧❡s ❢♦r♠✉❧❡s ❞✉ r❡❝t❛♥❣❧❡ à ❣❛✉❝❤❡ ❡t à ❞r♦✐t❡s s♦♥t ❡①❛❝t❡s

✉♥✐q✉❡♠❡♥t s✉r P0✳

• ❈❛s n = 1 ❡t x0 = a✱ x1 = b✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ s✬é❝r✐t ✿

∫ b

a

f(x)dx = w0f(a) + w1f(b) + EQ(f) ✭◗✮

♦ù EQ(g) = 0 ♣♦✉r t♦✉t g ∈ R1[X]✳

❊♥ ♣r❡♥❛♥t r❡s♣❡❝t✐✈❡♠❡♥t g ≡ 1 ♣✉✐s g ≡ x ❞❛♥s ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ (Q)✱ ❛❧♦rs ♣❛r

✉♥ s✐♠♣❧❡ ❝❛❧❝✉❧✱ ♦♥ tr♦✉✈❡ q✉❡ w0 = w1 =
1
2(b− a)✳ ❆✐♥s✐✱ ♦♥ ❛

I(f) =
1

2
(b− a)

(
f(a) + f(b)

)
+ EQ(f),

❛✈❡❝

EQ(f) =

∫ b

a

(x− x0)(x− x1)
︸ ︷︷ ︸

:=u(x)

[f(x0), f(x1), f(x)]
︸ ︷︷ ︸

:=v(x)

dx, ❛✈❡❝ x0 = a ❡t x1 = b.

❊♥ ✉t✐❧✐s❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ✶èr❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❡t ❧❡ t❤é♦rè♠❡ ❞❡ ❈❛✉❝❤②✱ ♦♥ ❛ ✿

EQ(f) = [f(x0), f(x1), f(ξ)]

∫ b

a

(x− a)(x− b)dx, ♦ù ξ ∈]a, b[,

=
f ′′(η)

2

∫ b

a

(x− a)(x− b)dx,

=
−1

12
(b− a)3f ′′(η).

❋✐♥❛❧❡♠❡♥t✱ ♦♥ ✈♦✐t q✉❡ ❧❛ ❢♦r♠✉❧❡ ♦❜t❡♥✉❡ ❡st ❝❡❧❧❡ ❞✉ tr❛♣è③❡✳ ❈❡tt❡ ❢♦r♠✉❧❡ s✬é❝r✐t

∫ b

a

f(x)dx =
1

2
(b− a)

(
f(a) + f(b)

)
− 1

12
(b− a)3f ′′(η), ♦ù η ∈]a, b[.

❘❡♠❛rq✉❡ ✷✳✸✳ ❖♥ ♥♦t❡ q✉❡ ❧❛ ❢♦r♠✉❧❡ ❞✉ tr❛♣è③❡ ❡st ❡①❛❝t❡ s❡✉❧❡♠❡♥t s✉r P1✳

• ❈❛s n = 2 ❡t x0 = a✱ x1 =
a+b
2 ✱ x2 = b✳ ▲❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ s✬é❝r✐t ✿

∫ b

a

f(x)dx = w0f(a) + w1f(
a+ b

2
) + w2f(b) + EQ(f) ✭◗✮

♦ù EQ(g) = 0 ♣♦✉r t♦✉t g ∈ R2[X]✳

✽
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❊♥ é❝r✐✈❛♥t q✉❡ EQ(g) = 0 ♣♦✉r g ≡ 1✱ g ≡ x ❡t g ≡ x2✱ ♦♥ ♦❜t✐❡♥t ❧❡ s②stè♠❡






∫ b

a
1dx = w0 + w1 + w2

∫ b

a
xdx = w0x0 + w1x1 + w2x2

∫ b

a
x2dx = w0x

2
0 + w1x

2
1 + w2x

2
2

♦ù x0 = a✱ x1 =
a+b
2 ❡t x2 = b✳ ❆✐♥s✐✱ ❡♥ ❞é✈❡❧♦♣♣❛♥t ❧❡s ❝❛❧❝✉❧s✱ ♦♥ ♦❜t✐❡♥t ❧❡ s②stè♠❡







w0 + w1 + w2 = b− a

aw0 + (a+b
2 )w1 + bw2 =

b2−a2

2

a2w0 + (a+b
2 )2w1 + b2w2 =

b3−a3

3 ,

❞♦♥t ❧❛ s♦❧✉t✐♦♥ ❡st w0 = w1 =
b−a
6 ❡t w2 =

2
3(b− a)✳

❊♥ ✉t✐❧✐s❛♥t ✉♥❡ ❞é♠❛r❝❤❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞❡s ❝❛s ♣ré❝é❞❡♥ts✱ ♦♥ ♠♦♥tr❡ q✉❡ ❧✬❡rr❡✉r ❞❡

q✉❛❞r❛t✉r❡ EQ(f) ❡st ❞♦♥♥é❡ ♣❛r EQ(f) = − (b−a)5

2880 f (4)(µ) ♦ù µ ∈]a, b[✳

❋✐♥❛❧❡♠❡♥t✱ ❧❛ ❢♦r♠✉❧❡ q✉✬♦♥ r❡tr♦✉✈❡ ♣♦✉r ❧❡ ❝❛s n = 2✱ x0 = a✱ x1 = a+b
2 ❡t x2 = b ❡st

❝❡❧❧❡ ❞❡ ❙✐♠♣s♦♥✳ ❈❡tt❡ ❢♦r♠✉❧❡ s✬é❝r✐t ✿
∫ b

a

f(x)dx =
1

6
(b− a)

(
f(a) + 4f(

a+ b

2
) + f(b)

)
− (b− a)5

2880
f (4)(µ), ♦ù µ ∈]a, b[.

❘❡♠❛rq✉❡ ✷✳✹✳ ❖♥ ♥♦t❡ q✉❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ ❙✐♠♣s♦♥ ❡st ❡①❛❝t❡ s✉r P3 ❡t ♣❛s s✐♠♣❧❡♠❡♥t

s✉r P2✳

✷✳✺ ▲❡s ❢♦r♠✉❧❡s ❝♦♠♣♦s✐t❡s

▲✬✐❞é❡ ❞❡s ♠ét❤♦❞❡s ❝♦♠♣♦s✐t❡s ❡st s✐♠♣❧❡ ❡t r❡♣♦s❡ s✉r ❧❛ ❧✐♥é❛r✐té ❞❡ ❧✬✐♥té❣r❛❧❡✳ ❊♥ ❡✛❡t✱ ♦♥

♣❡✉t é❝r✐r❡
∫ b

a

f(x)dx =

∫ x1

x0

f(x)dx+

∫ x2

x1

f(x)dx+ . . .+

∫ xn

xn−1

f(x)dx,

♦ù x0 = a✱ xn = b ❡t x1, x2, . . . , xn−1 s♦♥t ❞❡s ♣♦✐♥ts ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ [a, b]✳ ●é♥ér❛❧❡♠❡♥t✱ ❝❡s

♣♦✐♥ts s♦♥t éq✉✐❞✐st❛♥ts ♠❛✐s ❞❛♥s ❝❡rt❛✐♥s ❝❛s ❧❡ ❝❤♦✐① ❞❡ ❝❡s ♣♦✐♥ts ♣❡✉t t❡♥✐r ❝♦♠♣t❡ ❞❡

❧✬❛❧❧✉r❡ ❞❡ ❧❛ ❝♦✉r❜❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f à ✐♥té❣r❡r ✭s✐ ❝❡tt❡ ❛❧❧✉r❡ ❡st ❝♦♥♥✉❡✮✳

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ❝♦♥s✐❞èr❡ q✉❡ ❧❡s ♣♦✐♥ts x0, x1, . . . , xn s♦♥t éq✉✐❞✐st❛♥ts✱ ✐✳❡✳✱ xi = a+ ih ♣♦✉r

i = 0, 1, . . . , n ♦ù h = b−a
n

✳ ❆✐♥s✐✱

∫ b

a

f(x)dx =

n−1∑

k=0

∫ xk+1

xk

f(x)dx

︸ ︷︷ ︸

:=Ik

,

❡t ❛❧♦rs✱ ♦♥ ❞♦✐t ❝❛❧❝✉❧❡r ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ ❧✬✐♥té❣r❛❧❡ Ik à ❧✬❛✐❞❡ ❞✬✉♥❡ ❢♦r♠✉❧❡ ❞❡

q✉❛❞r❛t✉r❡ ✭❞❡ t②♣❡ ◆❡✇t♦♥✲❈♦t❡s✮ ❛✈❡❝ n ❣é♥ér❛❧❡♠❡♥t ❢❛✐❜❧❡✱ n = 0, 1, 2✳

✾
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✷✳✺✳✶ ❋♦r♠✉❧❡ ❝♦♠♣♦s✐t❡ ❞✉ r❡❝t❛♥❣❧❡

❙❛❝❤❛♥t q✉❡

Ik = (xk+1 − xk)f(
xk + xk+1

2
) +

(xk+1 − xk)
3

24
f ′′(λk) ♦ù λk ∈]xk, xk+1[,

= hf(xk +
h

2
) +

h3

24
f ′′(λk).

■❧ ✈✐❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r❡♠✐èr❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ❝❛s ❞✐s❝r❡t✱ q✉❡

∫ b

a

f(x)dx = h

n−1∑

k=0

f(xk +
h

2
) +

h3

24

n−1∑

k=0

1
︸︷︷︸

:=vk

f ′′(λk)
︸ ︷︷ ︸

:=u(λk)

= h

n−1∑

k=0

f(a+ (2k + 1)
h

2
) +

h3

24
f ′′(λ)

n−1∑

k=0

1

︸ ︷︷ ︸

=n

♦ù λ ∈]a, b[

= h

n−1∑

k=0

f(a+ (2k + 1)
h

2
)

︸ ︷︷ ︸

:=I0,n(f)

+
(b− a)

24
h2f ′′(λ)

︸ ︷︷ ︸

:=E0,n(f)

.

✷✳✺✳✷ ❋♦r♠✉❧❡ ❝♦♠♣♦s✐t❡ ❞✉ tr❛♣è③❡

❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞✉ tr❛♣è③❡✱ ♦♥ ❛

Ik =
1

2
(xk+1 − xk)

(
f(xk) + f(xk+1)

)
− 1

12
(xk+1 − xk)

3f ′′(ηk) ♦ù ηk ∈]xk, xk+1[,

=
1

2
h
(
f(a+ kh) + f(a+ (k + 1)h)

)
− 1

12
h3f ′′(ηk).

❉❡ ♠ê♠❡✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r❡♠✐èr❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ❝❛s ❞✐s❝r❡t✱ ♦♥ ✈ér✐✜❡ q✉❡

∫ b

a

f(x)dx =
h

2

( n−1∑

k=0

f(a+ kh) +

n−1∑

k=0

f(a+ (k + 1)h)
)

− 1

12
h3

n−1∑

k=0

f ′′(ηk)

=
h

2

(

f(a) + 2

n−1∑

k=0

f(a+ kh) + f(b)
)

− 1

12
h3nf ′′(η), ♦ù η ∈]a, b[

= h
(1

2
f(a) +

n−1∑

k=0

f(a+ kh) +
1

2
f(b)

)

︸ ︷︷ ︸

:=I1,n(f)

− (b− a)

12
h2f ′′(η)

︸ ︷︷ ︸

:=E1,n(f)

.

✶✵
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✷✳✺✳✸ ❋♦r♠✉❧❡ ❝♦♠♣♦s✐t❡ ❞❡ ❙✐♠♣s♦♥

❉❛♥s ❝❡ ❝❛s✱ ♦♥ r❛♣♣❡❧❧❡ q✉❡

Ik =
1

6
(xk+1 − xk)

(
f(xk) + 4f(

xk + xk+1

2
) + f(xk+1)

)
− 1

2880
(xk+1 − xk)

5f (4)(νk) ♦ù νk ∈]xk, xk+1[,

=
1

6
h
(
f(a+ kh) + 4f(a+ (k + 1)

h

2
) + f(a+ (k + 1)h)

)
− 1

2880
h5f (4)(νk).

❆✐♥s✐✱ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❝❛❧❝✉❧s ❡t ❝r✐tèr❡s s✐♠✐❧❛✐r❡s à ❝❡✉① ❞❡s ❢♦r♠✉❧❡s ❝♦♠♣♦s✐t❡s ❞✉ r❡❝t❛♥❣❧❡

♦✉ ❞✉ tr❛♣è③❡✱ ♦♥ ♠♦♥tr❡ q✉❡

∫ b

a

f(x)dx =
h

6

(

f(a) + 2
n−1∑

k=0

f(a+ kh) + 4
n−1∑

k=0

f(a+ (2k + 1)
h

2
) + f(b)

)

︸ ︷︷ ︸

:=I2,n(f)

− (b− a)

2880
h4f (4)(ν)

︸ ︷︷ ︸

:=E2,n(f)

♦ù ν ∈]a, b[.

✷✳✻ ❋♦r♠✉❧❡s ❞❡ ●❛✉ss

❚♦✉t❡s ❧❡s ❢♦r♠✉❧❡s ❞❡ q✉❛❞r❛t✉r❡ ✈✉❡s ♣ré❝é❞❡♠♠❡♥t s♦♥t ❞❡ ❧❛ ❢♦r♠❡ ✭❞✐t❡ ✐♥t❡r♣♦❧❛t♦✐r❡✮✳

❊♥ ❡✛❡t✱ s✐ pn ✐♥t❡r♣♦❧❡ f ❛✉① ❛❜s❝✐ss❡s ✜①é❡s x0, x1, . . . , xn ❛❧♦rs

∫ b

a

f(x)dx =

n∑

i=0

wif(xi) + EQ(f) ✭◗✮

♦ù ❧❡s wi =
∫ b

a
Li(x)dx ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞❡ f ✳ ❉❡ ♣❧✉s ❧❛ ❢♦r♠✉❧❡ (Q) ❡st ❡①❛❝t❡ s✉r Pn✳

▼❛✐♥t❡♥❛♥t✱ ♦♥ ❝♦♥s✐❞èr❡✱ ❧❡ ♣r♦❜❧è♠❡ s✉✐✈❛♥t ✿ ét❛♥t ❞♦♥♥é❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ (Q)✱
♦♥ ❝❤❡r❝❤❡ à ❞ét❡r♠✐♥❡r ❧❡s ❝♦❡✣❝✐❡♥ts wi ❛✐♥s✐ q✉❡ ❧❡s ❛❜s❝✐ss❡s xi, i = 0, 1, . . . , n ♣♦✉r q✉❡

❝❡tt❡ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ s♦✐t ❡①❛❝t❡ s✉r P2n+1✳

✷✳✻✳✶ ❈❛s n = 0

▲❛ ❢♦r♠❡ ❞❡ q✉❛❞r❛t✉r❡ q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿

∫ b

a

f(x)dx ≃ w0f(x0), ✭◗✮

♦ù ❧❡s ✐♥❝♦♥♥✉❡s w0 ❡t x0 s♦♥t à ❞ét❡r♠✐♥❡r✳ ❊♥ é❝r✐✈❛♥t q✉❡ (Q) ❡st ❡①❛❝t❡ s✉r P1✱ ❝✬❡st à

❞✐r❡ q✉❡
∫ b

a

g(x)dx = w0g(x0) ♣♦✉r g ∈ {1, x},

♦♥ ♦❜t✐❡♥t ❧❡s ❞❡✉① éq✉❛t✐♦♥s
{ ∫ b

a
1dx = w0

∫ b

a
xdx = w0x0

✶✶



✷✳✻✳ ❋❖❘▼❯▲❊❙ ❉❊ ●❆❯❙❙

❝✬❡st à ❞✐r❡ {
w0 = b− a

w0x0 =
b2−a2

2

❡t ❞♦♥❝ w0 = b− a ❡t x0 =
a+b
2 ✳ ❖♥ ✈♦✐t ❛❧♦rs q✉❡ ❧✬♦♥ r❡tr♦✉✈❡ ❧❛ ❢♦r♠✉❧❡ ❞✉ ♣♦✐♥t ♠✐❧✐❡✉✳

∫ b

a

f(x)dx ≃ (b− a)f(
a+ b

2
).

✷✳✻✳✷ ❈❛s n = 1

▲❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ r❡❝❤❡r❝❤é❡ à ❧❛ ❢♦r♠❡

∫ b

a

f(x)dx ≃ w0f(x0) + w1f(x1), ✭◗✮

♦ù ❧❡s ❝♦❡✣❝✐❡♥ts w0✱ w1 ❡t ❧❡s ❛❜s❝✐ss❡s x0✱ x1 s♦♥t à ❞ét❡r♠✐♥❡r ❡♥ ✐♠♣♦s❛♥t q✉❡ (Q) ❞♦✐t
êtr❡ ❡①❛❝t❡ s✉r P3✳

P♦✉r rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡ t♦✉t ❡♥ s✐♠♣❧✐✜❛♥t ❧❡s ❝❛❧❝✉❧s✱ ♦♥ ✈❛ tr❛✈❛✐❧❧❡r s✉r ❧✬✐♥t❡r✈❛❧❧❡ [−1, 1]✱
♣✉✐s ♦♥ s❡ r❛♠è♥❡r❛ s✉r ❧✬✐♥t❡r✈❛❧❧❡ [a, b] à ❧✬❛✐❞❡ ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡

x(t) = αt+ β, ❛✈❡❝ x := x(t) ∈ [a, b] ❡t t ∈ [−1, 1],

❡t ♦ù α = b−a
2 ❡t β = a+b

2 ✳ ❆✐♥s✐✱ ❝♦♠♠❡ dx = αdt✱ x(−1) = a ❡t x(1) = b✱ ✐❧ ✈✐❡♥t q✉❡ ✿

∫ b

a

f(x)dx =
b− a

2

∫ 1

−1
h(t)dt,

♦ù h(t) = f(αt+ β) = (f ◦ x)(t)✳ ❆✐♥s✐✱ ❡♥ ♣♦s❛♥t

∫ 1

−1
h(t)dt ≃ w′

0h(t0) + w′
1h(t1), ✭◗✬✮

♦♥ r❡❢♦r♠✉❧❡ ❧❡ ♣r♦❜❧è♠❡ ❝♦♠♠❡ s✉✐t ✿

❚r♦✉✈❡r t0✱ t1 ❡t w
′
0✱ w

′
1 t❡❧s q✉❡ ❧❛ ❢♦r♠✉❧❡ (Q′) s♦✐t ❡①❛❝t❡ ♣♦✉r g ∈ {1, t, t2, t3}✳ ❈❡tt❡ ❞❡r♥✐èr❡

❝♦♥❞✐t✐♦♥ ❢♦✉r♥✐t ❧❡ s②stè♠❡ ♥♦♥ ❧✐♥é❛✐r❡ s✉✐✈❛♥t ✿






w′
0 + w′

1 = 2 (1)

w′
0t0 + w′

1t1 = 0 (2)

w′
0t

2
0 + w′

1t
2
1 = 2

3 (3)

w′
0t

3
0 + w′

1t
3
1 = 0 (4)

❊♥ ♠✉❧t✐♣❧✐❛♥t ❧❡s éq✉❛t✐♦♥s (1)✱ (2) ❡t (3) ♣❛r t0 ❡t ❡♥ r❡tr❛♥❝❤❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s éq✉❛t✐♦♥s

(2)✱ (3) ❡t (4)✱ ♦♥ tr♦✉✈❡ q✉❡

t0t1 = −1

3
, t0 = −t1 ❡t w′

0 + w′
1 = 2, w′

0 − w′
1 = 0.

✶✷
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❋✐♥❛❧❡♠❡♥t✱ ♦♥ ♣r❡♥❞ t0 = −t1 = −1√
3

❡t w′
0 = w′

1 = 1✱ ❡t ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ (Q′)

r❡❝❤❡r❝❤é❡ ❡st ❞♦♥❝ ∫ 1

−1
h(t)dt ≃ h(− 1√

3
) + h(

1√
3
), ✭◗✬✮

❡t ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡ (Q) s✬♦❜t✐❡♥t ❡♥ é❝r✐✈❛♥t

∫ b

a

f(x)dx ≃ b− a

2

∫ 1

−1
h(t)dt

≃ b− a

2

∫ 1

−1
(f ◦ x)(t)dt

≃ b− a

2

[

(f ◦ x)(− 1√
3
) + (f ◦ x)( 1√

3
)
]

≃ b− a

2

[

f(
a− b√

3
+

a+ b

2
) + f(

b− a√
3

+
a+ b

2
)
]

.

✶✸


